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SYMPLECTIC TOPOLOGY OF LAGRANGIAN
SUBMANIFOLDS OF CP n WITH INTERMEDIATE
MINIMAL MASLOV NUMBERS
HIROSHI IRIYEH
Abstract. We examine symplectic topological features of certain
family of monotone Lagrangian submanifolds in CPn. Firstly, we
give a cohomological restriction for Lagrangian submanifolds in
CPn whose first integral homologies are 3-torsion. In particular,
in the case where n = 5, 8, we prove the cohomologies with coef-
ficients in Z2 of such Lagrangian submanifolds are isomorphic to
that of SU(3)/(SO(3)Z3) and SU(3)/Z3, respectively. Secondly,
we calculate the Floer cohomology of a monotone Lagrangian sub-
manifold SU(p)/Zp in CP p
2
−1 with coefficients in Z2 by using
Biran-Cornea’s theory.
1. Introduction and main results
Let (M,ω) be a symplectic manifold, i.e., M is a smooth manifold
with a closed nondegenerate two-form ω. A submanifold L of M is
called Lagrangian if dimR L = (1/2) dimRM and the restriction of ω
on L vanishes. Throughout this paper all symplectic manifolds are
assumed to be tame, i.e., there exists an almost complex structure J
such that the bilinear form ω(·, J ·) defines a Riemannian metric on M
which is geometrically bounded (see [4]). And all Lagrangian subman-
ifolds are assumed to be closed (i.e., compact and without boundary),
connected and embedded.
In the complex projective space CP n, there are two familiar exam-
ples of Lagrangian submanifolds. One is the real form RP n of it and
the other is the Clifford torus defined by Tnclif = {[z0 : · · · : zn] ∈ CP
n |
|z0| = · · · = |zn|}. For instance, the Arnold-Givental conjecture was
first proved for the former example (see [25]) from the view point of
Floer theory, and then researches of general cases were developed (for
instance, [27], [18], [16] and [20]). On the other hand, the latter ex-
ample is a maximal orbit of the standard n-dimensional torus action
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on CP n. The calculation of the Floer cohomology of Tnclif was carried
out by C. H. Cho [13] and, at present, that of general Lagrangian torus
orbits in toric Fano manifolds has been intensively studied. However, it
seems that, until now, there is no Floer theoretic study of Lagrangian
submanifolds in CP n beyond RP n and Tnclif .
The purpose of the present paper is to initiate systematic symplectic
topological research of a certain class of monotone Lagrangian submani-
folds in CP n naturally including the above two examples. In particular,
we present new ideas to obtain results about homological rigidity (or
uniqueness) and non-displaceability of such Lagrangian submanifolds.
We now recall the definitions of monotoneness and the minimal
Maslov number of a Lagrangian submanifold. For a Lagrangian sub-
manifold L in a symplectic manifold (M,ω), two homomorphisms
Iµ,L : π2(M,L)→ Z, Iω : π2(M,L)→ R
are defined as follows. For a smooth map w : (D2, ∂D2) → (M,L),
Iµ,L(w) is defined to be the Maslov number of the bundle pair (w
∗TM,
(w|∂D2)∗TL) and Iω is defined by Iω(w) =
∫
D2
w∗ω. These two homo-
morphisms do not depend on the representative w. Then L is said to
be monotone if there exists a constant α > 0 such that Iω = αIµ,L. The
minimal Maslov number NL of L is defined to be the positive generator
of Im(Iµ,L) ⊂ Z.
The present paper mainly concentrates on the case of the complex
projective space (CP n, ωFS) with the standard Fubini-Study Ka¨hler
form ωFS. First of all, we shall provide certain family of homogeneous
Lagrangian submanifolds in CP n which are monotone.
Proposition 1. There exist following four families of monotone La-
grangian submanifolds L in CP n :
(1) L =
SU(p)
Zp
if n+ 1 = p2,
(2) L =
SU(p)
SO(p)Zp
if n + 1 =
p(p+ 1)
2
,
(3) L =
SU(2p)
Sp(p)Z2p
if n + 1 = p(2p− 1),
(4) L =
E6
F4Z3
if n+ 1 = 27,
where p ∈ N \ {1}. The minimal Maslov numbers of L in the first and
second families equal 2p and p+ 1, respectively, if p is prime. That of
the example (4) equals 18.
Here we observe the following inequality concerning the minimal
Maslov number NL.
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Proposition 2. Let L be a monotone Lagrangian submanifold of CP n.
Then we have
(1.1) 1 ≤ NL ≤ n + 1,
and if NL = n+ 1 holds, then L is a Z2-homological RP n.
This is an easy consequence of the Lagrangian circle bundle construc-
tion [6, Proposition 4.1.A] and a result by Oh (see Theorem 16 below)
which states that 1 ≤ NL ≤ n+ 1 for any monotone Lagrangian sub-
manifold L ⊂ Cn+1. The upper equality condition of (1.1) rephrases
a result by P. Biran (see Theorem 3 and Remark 5 below). We note
that NTn
clif
= 2, which is the minimal value of NL among orientable
Lagrangian submanifolds of CP n. Thus each Lagrangian submanifold
in the list in Proposition 1 possesses an intermediate minimal Maslov
number.
In the following subsections we explain some symplectic topological
properties, e.g., homological rigidity, non-displaceability and uniruling,
of the Lagrangian submanifolds in Proposition 1. We believe that their
model Lagrangian submanifolds also provide interesting examples for
other aspects of symplectic topology, for instance, Lagrangian quan-
tum homology, symplectic quasi-state, etc. as well as contribute to the
classification of monotone Lagrangian submanifolds in CP n.
1.1. Homological rigidity of Lagrangian submanifolds in CP n.
In this subsection we shall treat homological rigidity or uniqueness of
Lagrangian submanifolds. This phenomenon means low-dimensional
topological invariants of Lagrangian submanifolds determine their en-
tire (co)homology. For a closed symplectic manifold M , this phenom-
enon was first discovered by P. Seidel [32] for the case M = CP n.
Nowadays, many results concerning homological rigidity are known in-
cluding other symplectic manifolds (see [6], [10], [14] and references
therein). Here we review results by P. Biran and M. Damian which
are the starting point of the present research (see also [7, Corollary
1.2.11]).
Theorem 3 (Biran [6], Theorem A). Let L be a Lagrangian submani-
fold of CP n such that H1(L;Z) is 2-torsion, i.e., 2H1(L;Z) = 0. Then
(1) H∗(L;Z2) ∼= H
∗(RP n;Z2) as graded vector spaces,
(2) if n is even, then the isomorphism in (1) is an isomorphism as
graded algebras.
Theorem 4 (Damian [14], Theorem 1.8.c). Under the same assump-
tion as Theorem 3, if n is odd, then the Lagrangian submanifold L ⊂
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CP n satisfies π1(L) ∼= Z2 and the universal cover of L is homeomorphic
to Sn.
Remark 5. The assumption 2H1(L;Z) = 0 implies that L ⊂ CP n is
monotone and NL = n+1. Biran’s proof [6, p. 313] of Theorem 3 actu-
ally shows that these two conditions yield the conclusion. Hence, Theo-
rem 3 can be considered as a homological characterization of monotone
Lagrangian submanifolds L ⊂ CP n with the maximal NL (see Propo-
sition 2).
Now we present a new class of homologically rigid Lagrangian sub-
manifolds beyond the case of RP n. The following is the main result.
Theorem 6. Let L be a Lagrangian submanifold of CP n such that
H1(L;Z) is 3-torsion, i.e., 3H1(L;Z) = 0. Then L is monotone and
orientable, and 3 |n+ 1 and n ≥ 5 hold. Moreover
(1) If n = 5, then
H∗(L;Z2) ∼= H
∗
(
SU(3)
SO(3)Z3
;Z2
)
as graded vector spaces.
(2) If n = 8, then
H∗(L;Z2) ∼= H
∗
(
SU(3)
Z3
;Z2
)
as graded algebras.
(3) If n = 26 and H i(L;Z2) ∼= 0 (i = 2, 3, 4), then
H∗(L;Z2) ∼= H
∗
(
E6
F4Z3
;Z2
)
as graded algebras.
Furthermore, the Euler characteristic χ(L) =
∑
i(−1)
i dimZ2 Hi(L;Z2)
of L is equal to zero.
Remark 7. In the following, we denote by ∧Z and ∧2 exterior algebra
over Z and Z2, respectively, with generators in round brackets. It is
known that
H∗
(
SU(3)
SO(3)Z3
;Z2
)
∼= ∧2(x2, x3), H
∗
(
SU(3)
Z3
;Z2
)
∼= ∧2(x3, x5),
H∗
(
E6
F4Z3
;Z2
)
∼= ∧2(x9, x17)
as graded algebras (see Section 2 for details). Here the suffix i of xi
denotes the degree of xi.
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1.2. Non-displaceability of model Lagrangian submanifolds. Next
we turn to a problem whether model Lagrangians of CP n are displace-
able or not. A diffeomorphism φ of (M,ω) is called Hamiltonian if it is
the time-one map of the flow which is defined by a compactly supported
time dependent Hamiltonian function on M . A Lagrangian subman-
ifold L ⊂ M is said to be displaceable if there exists a Hamiltonian
diffeomorphism φ ∈ Ham(M,ω) such that
L ∩ φ(L) = ∅,
otherwise, L non-displaceable. If the Floer cohomology HF (L, L) with
coefficients in Z2 does not vanish, then we see that L is non-displaceable
in M . Specifically, our method is well applicable to the case L =
SU(p)/Zp ⊂ CP p
2−1.
Theorem 8. Let L be the Lagrangian submanifold SU(p)/Zp ⊂ CP p
2−1,
where p is a power of 2. Then the Floer cohomology HF (L, L) with co-
efficients in Z2 is isomorphic to H∗(L;Z2)⊗Λ, where Λ = Z2[T, T−1].
In particular, L ⊂ CP p
2−1 is non-displaceable.
In contrast, we have HF (L, L) = 0 for an odd number p (see Corol-
lary 22). Nevertheless, using the Floer cohomology with coefficients in
Z, we prove
Proposition 9. The Lagrangian submanifold SU(3)/Z3 ⊂ CP
8 is non-
displaceable.
Notice that χ(SU(p)/Zp) = 0 for any p ∈ N \ {1}.
1.3. Uniruling of model Lagrangian submanifolds in CP n. For
some model Lagrangian submanifolds L, we can prove the existence of
a pseudo-holomorphic disc with its boundary on L. We review here a
combinient terminology for such results (see [7, Definition 1.1.2]).
Definition 10. A Lagrangian submanifold L ⊂ (M,ω) is said to be
uniruled of order k if for any point Q ∈ L, there exists a generic family
of almost complex structures J with the property that for each J ∈ J
there exists a nonconstant J-holomorphic disc u : (D2, ∂D2)→ (M,L)
such that
Q ∈ u(∂D2) and µ(u) ≤ k,
where µ(u) = Iµ,L(u) is the Maslov number of u.
Combining a result by Biran and Cornea (see Theorem 24) with
Corollary 22 in Section 5, we prove
Corollary 11. The monotone Lagrangian submanifold SU(p)/Zp ⊂
CP p
2−1, where p is an odd prime, is uniruled of order 2p.
6 H. IRIYEH
1.4. Organization of the paper. The rest of the paper is organized
as follows. In Section 2, we give some preliminary properties of model
Lagrangian submanifolds, in particular, their minimal Maslov num-
bers. In Section 3, we briefly recall the definitions of Floer cohomology
for Lagrangian submanifolds and the spectral sequence introduced by
Oh and developed by Biran, including its multiplicative structure es-
tablished by L. Buhovsky. Section 4 is devorted to proving the main
result (Theorem 6). To prove (2) and (3) in the theorem we use, instead
of the Lagrangian circle bundle construction, a recent result by Biran
and Khanevsky (see Theorem 19). It relates the Floer cohomology
HF (L, L) with coefficients in Z2 with the Z2-Euler class of the nor-
mal bundle N|L defined by a subcritical polarization. In the present
case, the polarization is (CP n+1, ωFS, J,CP n) and we can prove the
vanishing of the Euler class of N|L under a suitable condition, and
hence we obtain HF (L, L) = 0 under a further additional condition,
which is a new approach we introduce in the present paper. By using
the spectral sequence, we obtain topological constraints on Lagrangian
submanifolds in CP n. In Section 5, we prove some new results about
the non-displaceability of certain model Lagrangian submanifolds in
CP n by two approaches. One is a use of Biran and Cornea’s result (see
Theorem 24). The other is a use of the spectral sequence and the Floer
cohomology with coefficients in Z. In Section 6, as an application, we
show the existence of a pseudo-holomorphic disc with its boundary on
a model Lagrangian submanifold. Such Lagrangian turns out to be a
border case of Biran and Cornea’s theorem mentioned above. This fact
together with results in the previous section yields certain uniruling re-
sults for such model Lagrangian submanifolds. Finally, in Section 7 we
notice that results in this paper will provide us with a step toward the
classification of monotone Lagrangian submanifolds in CP n.
2. Model Lagrangian submanifolds
Let us consider again the Lagrangian submanifolds in CP n intro-
duced in the previous section:
SU(p)
Zp
,
SU(p)
SO(p)Zp
,
SU(2p)
Sp(p)Z2p
,
E6
F4Z3
⊂ CP n,
where n is an appropriate integer in Proposition 1. These examples
first appeared in the paper [1] by Amarzaya and Ohnita in the con-
text of research on minimal submanifold theory. Note that R. Chiang
[12] rediscovered the first family in the above list from the view point
of momentum map. Including RP n, they are all irreducible embedded
minimal submanifolds in CP n (i.e., critical points of volume functional
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of L with respect to the induced Riemannian metric from CP n). In-
deed, they possess parallel second fundamental forms, and hence they
are not only homogeneous spaces but also symmetric spaces. Although
the Clifford torus Tnclif is not irreducible, it also has such a property. The
local classification of symmetric Lagrangian submanifolds of CP n was
given by Naitoh and Takeuchi (see [22, Theorem 4.5], [23]). Moreover
the cohomology rings of SU(p), SU(p)/SO(p) and E6/F4, i.e., univer-
sal covering spaces of the model spaces, are known (see, e.g., [9] and
[2, Proposition 2.5]) :
H∗(SU(p);Z) ∼= ∧Z(x3, x5, . . . , x2p−1),
H∗
(
SU(p)
SO(p)
;Z2
)
∼= ∧2(x2, x3, . . . , xp),
H∗
(
E6
F4
;Z
)
∼= ∧Z(x9, x17).
Let us also treat the case of model Lagrangian submanifolds with coef-
ficients in Z2. For instance, consider the case SU(p)/Zp, where p is an
odd number greater than or equal to three. Since it has no 2-torsion
in its homology, we have
H∗
(
SU(p)
Zp
;Z2
)
∼= H∗(SU(p);Z2) ∼= ∧2(x3, x5, . . . , x2p−1).(2.2)
We also have
H∗
(
SU(3)
SO(3)Z3
;Z2
)
∼= ∧2(x2, x3), H
∗
(
E6
F4Z3
;Z2
)
∼= ∧2(x9, x17).
It is well-known that RP n ⊂ CP n is monotone and NRPn = n + 1.
Similarly we can prove Proposition 1.
Proof of Proposition 1. It is easy to check that a Lagrangian
submanifold L of CP n satisfying π1(L) ∼= Zp is monotone (see Lemma
17 below for a similar argument).
Assume that p is prime. We define two subgroups Γω,Γω,L of R by
Γω = {[ω](A) | A ∈ H2(M ;Z)}, Γω,L = {[ω](B) | B ∈ H2(M,L;Z)}.
Recall that a symplectic manifold (M,ω) is said to be prequantizable
if Γω is either trivial or discrete. A Lagrangian submanifold L ⊂ M is
called cyclic if Γω,L ⊂ R is discrete. Note that Γω is a subgroup of Γω,L.
When L is cyclic, we can define a positive integer nL := #(Γω,L/Γω)
(see [26, p. 473]). It is well-known (see, for instance, [21]) that if (M,ω)
is prequantizable, then there is a principal R/Γω-bundle π : Q → M
with a connection form θ such that its curvature form dθ satisfies
dθ = π∗ω.
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Hence, given any Lagrangian submanifold L ⊂ (CP n, ωFS) the connec-
tion θ|L on Q|L is flat. Then
GL(x) := im{π1(L, x)→ R/Γω ∼= S
1}
is nothing but the holonomy group of Q|L with a base point x ∈ L.
Since π1(L) ∼= Zp and p is prime, the group GL(x) is isomorphic to
either Zp or trivial. Here we use the following formula (see [29, Propo-
sition 3.6]):
(2.3) 2(n+ 1) = nLNL.
If the latter case happens, then nL = 1 and NL = 2(n + 1) hold. But,
it is impossible from (1.1). Hence we have GL(x) ∼= Zp, that is, nL = p.
Thus we obtain NL = 2(n + 1)/p. This immediately yields the latter
half of the statement. 
Remark 12. Let L be one of the Lagrangian submanifolds in the
family (1) or (2) in Proposition 1. When p is not prime, we have at
least an inequality
(2.4) NL ≥
2(n+ 1)
p
.
Indeed, since the order nL of the group GL(x) = im{π1(L, x) ∼= Zp →
S1} is at most p, we have (2.4) from (2.3).
3. Floer cohomology and the quantum cup product on it
In this section, we briefly review the Lagrangian Floer theory as
developed in [24], [28], [6] and [11].
3.1. Basic settings. Let (M,ω) be a tame symplectic manifold. Let
L0 and L1 be closed monotone Lagrangian submanifolds of M which
intersect transversally. Assume that NLi ≥ 3 for i = 0, 1. We choose a
time-dependent family J = {Jt}0≤t≤1 of almost complex structures on
M compatible with the symplectic form ω. The Floer chain complex
CF (L0, L1) is the vector space over Z2 generated by the finitely many
elements of L0 ∩ L1. For a generic choice of J , the boundary operator
dJ : CF (L0, L1) → CF (L0, L1) is defined by counting J-holomorphic
strips in M connecting pairs of points of L0 ∩ L1 and with boundary
in L0 and L1. In this setting, we have
(i) dJ◦dJ = 0, so the cohomologyH∗(CF (L0, L1), dJ) is well-defined;
it denoted by HF (L0, L1; J) and called the Floer cohomology of the
pair (L0, L1);
(ii) HF (L0, L1; J) is independent of the choice of J ;
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(iii) if L1 and L
′
1 are Hamiltonian isotopic, then HF (L0, L1)
∼=
HF (L0, L
′
1).
These foundational results were established by Floer [15] and Oh [24,
Theorems 4.4, 4.5]. In the present paper, we use Z2 as coefficients of
the Floer cohomology, except for the proof of Proposition 27.
From now on, we consider the case where L1 is Hamiltonian iso-
topic to L := L0, i.e., L1 = φ(L), φ ∈ Ham(M,ω). In this setting,
the Floer cohomology is also well-defined for the case NL = 2, and
the Floer complex CF (L, φ(L)) has a relative ZNL-grading. It de-
pends on a choice of a base intersection point x0 ∈ L ∩ φ(L). Another
choice of such a point yields a shift in the grading. For fixed x0, we
denote by CF i(mod NL)(L, φ(L); x0) the i-th (mod NL) component of
CF (L, φ(L)). It is shown that the differential dJ increases grading by
one, i.e., dJ : CF
∗(mod NL)(L, φ(L); x0) → CF ∗+1(mod NL)(L, φ(L); x0)
(see [28]). Hence, the Floer cohomology
HF (L, φ(L); J) =
NL−1⊕
i=0
HF i(mod NL)(L, φ(L); J, x0)
has a relative ZNL-grading.
3.2. The case of HF(L,L). Let U(L) be a Weinstein neighbourhood
of L in M . Let Lǫ be a Hamiltonian perturbation of L built in U(L)
using a C2-small Morse function f : L→ R. Assume that f has exactly
one relative minimum x0. Denote by C
∗
f the Morse complex of f and
we use x0 as a base intersection point for the Floer complex. From now
on, we write CF (L, L) := CF (L, Lǫ) and d := dJ . It is shown that
CF i(mod NL)(L, L) =
⊕
j≡i(mod NL)
Cjf
(see [28]). Since d : CF ∗(mod NL)(L, L) → CF ∗+1(mod NL)(L, L), we can
write d =
∑
j∈Z ∂j , where ∂j : C
∗
f → C
∗+1−jNL
f . An index computation
shows that ∂j = 0 for any j < 0, and ∂j = 0 for any j > ν, where
ν := [(dimL+ 1)/NL]. Thus d is decomposed into
d = ∂0 + ∂1 + · · ·+ ∂ν .
In [28, Section 4] Oh proved that, for a suitable choice of J and a
Riemannian metric on L, the operator ∂0 : C
∗
f → C
∗+1
f can be identified
with the Morse differential. Hence H∗(Cf , ∂0) ∼= H
∗(L;Z2).
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3.3. Oh-Biran’s spectral sequence. We shall now briefly review a
spectral sequence which enables us to calculate the Floer cohomology
HF (L, L) using the operators ∂1, . . . , ∂ν . For the details, see [6, Section
5].
Let Λ = Z2[T, T−1] be the algebra of Laurent polynomials over Z2
and we define the degree of T to be NL. Then Λ is decomposed as
Λ =
⊕
i∈Z Λ
i, where Λi is the subspace of homogeneous elements of
degree i. We refine the Morse complex Cf as C˜ = Cf ⊗ Λ, i.e.,
C˜ l(L, L) =
⊕
k∈Z
C l−kNLf (L, L)⊗ Λ
kNL
for every l ∈ Z and the operator d as d˜ : C˜∗ → C˜∗+1,
d˜ = ∂0 ⊗ 1 + ∂1 ⊗ T + · · ·+ ∂ν ⊗ T
ν ,
where T i : Λ∗ → Λ∗+iNL is a multiplication by T i. Then we see that
d˜ ◦ d˜ = 0 and
H l(C˜, d˜) ∼= HF l(mod NL)(L, L)
for every l ∈ Z. Let us consider the following decreasing filtration on
C˜:
F pC˜ =
{∑
xi ⊗ T
ni | xi ∈ Cf , ni ≥ p
}
.
Since Cjf = 0 for j < 0, dimL < j, the filtration F
pC˜ is bounded. Let
{Ep,qr , dr} be the spectral sequence defined by this filtration. Notice
that this filtration is different from the one used by Oh [28, p. 338].
Theorem 13 (Biran [6], Theorem 5.2.A). The spectral sequence
{Ep,qr , dr} has the following properties:
(1) Ep,q0 = C
p+q−pNL
f ⊗ Λ
pNL, d0 = [∂0]⊗ 1.
(2) Ep,q1 = H
p+q−pNL(L;Z2)⊗ ΛpNL, d1 = [∂1]⊗ T , where
[∂1] : H
p+q−pNL(L;Z2)→ H
p+1+q−(p+1)NL(L;Z2)
is induced from ∂1.
(3) For every r ≥ 1, Ep,qr has the form E
p,q
r = V
p,q
r ⊗ Λ
pNL with
dr = δr ⊗ T r, where each V p,qr is a vector space over Z2 and δr
is a homomorphism δr : V
p,q
r → V
p+r,q−r+1
r defined for every p, q
and satisfies δr ◦ δr = 0. Moreover,
V p,qr+1 =
ker(δr : V
p,q
r → V
p+r,q−r+1
r )
im(δr : V
p−r,q+r−1
r → V
p,q
r )
.
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(4) Ep,qr collapses at (ν+1)-step, namely dr = 0 for every r ≥ ν+1,
and the sequence converges to HF (L, L), i.e.,⊕
p+q=l
Ep,q∞
∼= HF l(mod NL)(L, L)
for every l ∈ Z, where ν = [(dimL+ 1)/NL].
(5) For all p ∈ Z, we have ⊕q∈ZEp,q∞
∼= HF (L, L).
In this paper, we refer to {Ep,qr , dr} as Oh-Biran’s spectral sequence.
3.4. A multiplicative structure. The spectral sequence {Ep,qr , dr}
possesses a multiplicative structure. In particular, the multiplication
on Ep,q1 induces that onH
∗(L;Z2) which coincides with the classical cup
product on H∗(L;Z2). We briefly review it (see [11] for more details).
Note that, in this paper, the product structure is used only in the proof
of (2) and (3) in Theorem 6.
Let us consider generic Morse functions f, g, h : L→ R and denote by
(CFf , d
f), (CFg, d
g) and (CFh, d
h) the corresponding Floer complexes.
In [11] it was defined a quantum product ⋆ : CFf ⊗CFg → CFh which
satisfies the following Leibniz rule:
dh(a ⋆ b) = df(a) ⋆ b+ a ⋆ dg(b)
for every a ∈ CFf , b ∈ CFg. This product is compatible with the
filtrations on CFf , CFg and CFh such that ⋆ : F
pCFf ⊗ F p
′
CFg →
F p+p
′
CFh. It induces the product on {Ep,qr , dr} satisfying that ⋆ :
Ep,qr (f)⊗E
p′,q′
r (g)→ E
p+p′,q+q′
r (h) at each stage. Then the differential
dr satisfies the Leibniz rule with respect to this product, and the prod-
uct at the (r+1) stage comes from the one at r stage. Moreover, these
products induce products V p,qr (f) ⊗ V
p′,q′
r (g) → V
p+p′,q+q′
r (h) and the
differential δr : V
p,q
r → V
p+r,q−r+1
r satisfies the Leibniz rule. Then the
following theorem is proved.
Theorem 14 (Buhovsky [11], Theorem 5). The product on V1, induced
from ⋆, coincides with the classical cup product on H∗(L;Z2).
4. Homological rigidity of Lagrangian submanifolds
whose H1 are 3-torsion
In this section we prove the homological rigidity of Lagrangian sub-
manifolds in CP n whose first integral homologies are 3-torsion stated
in the introduction. Before we discuss the caseM = CP n, let us review
two well-known topological constraints for Lagrangian submanifolds in
Cn ∼= R2n. They are used in the following arguments.
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A Lagrangian submanifold L ⊂ (M,ω) is said to be weakly exact if
the homomorphism Iω vanishes, and exact if ω = dλ for an one-form
λ on M and the restriction λ|L on L is an exact one-form on L. Then
M. Gromov [19] proved
Theorem 15. There is no (weakly) exact Lagrangian submanifold L ⊂
Cn. In particular, we have H1(L;R) 6= 0 for any Lagrangian submani-
fold L ⊂ Cn.
The following result about NL obtained by Oh improves previous
results of L. Polterovich [30], [31].
Theorem 16 ([28], Theorem 5.3). For any monotone Lagrangian sub-
manifold L ⊂ Cn, we have
1 ≤ NL ≤ n.
Notice that Polterovich [31] gave an example of monotone Lagrangian
submanifold L ⊂ Cn with NL = n, so these bounds are sharp.
Let us now turn to the case (M,ω) = (CP n, ωFS). We start with a
preliminary lemma.
Lemma 17. Let L be a Lagrangian submanifold in CP n. If 3H1(L;Z) =
0, then L is monotone and its minimal Maslov number is given by
NL = 2(n+ 1)/3.
Proof. Denote by HD2 the image of the Hurewicz homomorphism
π2(CP n, L)→ H2(CP n, L;Z). Consider the following exact sequence
· · · → H2(L;Z)
i∗→ H2(CP
n;Z)
j∗
→ H2(CP
n, L;Z)
∂∗→ H1(L;Z)→ · · · .
For any a ∈ HD2 , sinceH1(L;Z) is 3-torsion, there exists S ∈ H2(CP
n;Z)
such that j∗(S) = 3a ∈ H2(CP
n, L;Z). Since µ(j∗(S)) = 2c1(S), we
have µ(a) = 2c1(S)/3, where c1(S) := 〈c1(CP n), S〉 ∈ Z is the first
Chern number of S ∈ H2(CP n;Z). This equation deduces that L is
monotone, because CP n is monotone as a symplectic manifold. Let S0
be the generator of H2(CP n;Z) ∼= Z, then we have S = kS0 for some
k ∈ Z, and hence
µ(a) =
2
3
k(n+ 1).
This formula implies that NL ≥ 2(n + 1)/3. On the other hand, note
that 1 ≤ NL ≤ n+ 1 holds for any monotone Lagrangian submanifold
in CP n from (1.1). Hence, we have NL = 2(n+ 1)/3. 
Let L ⊂ CP n be a Lagrangian submanifold which satisfies that
3H1(L;Z) = 0. Since NL must be positive integer, by Lemma 17,
we have 3 |n + 1 and NL is even. It implies that L is orientable [3]
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(see also [14, Proposition 3.1]). Now we assume that n = 2. In this
case NL = 2 holds. The orientability of L and the assumption that
H1(L;Z) is 3-torsion implies that L ⊂ CP
2 is a Lagrangian sphere.
But, such L cannot exist. Indeed, if L is simply connected, then we
obtain nL = #GL(x) = 1, and by (2.3) we have NL = 6, which is a
contradiction. Thus we have proved the first part of Theorem 6.
Proof of Theorem 6 (1). By Lemma 17, the assumption that
H1(L;Z) is 3-torsion and n = 5 imply that L is monotone and NL = 4.
Consider the subcritical polarization (CP n+1, ωFS, J,CP n) and the La-
grangian circle bundle S1 → ΓL
π
→ L constructed by Biran [6, Propo-
sition 4.1.A]. Then ΓL ⊂ C6 is a monotone Lagrangian submanifold
with the same minimal Maslov number as L ,i.e., NΓL = 4. Since ΓL
is displaceable in C6, we have HF (ΓL,ΓL) = 0.
On the other hand, since ν = [(dimΓL + 1)/NΓL] = [7/4] = 1, Oh-
Biran’s spectral sequence {Ep,qr , dr} collapses at stage E2, i.e., E
p,q
2 =
· · · = Ep,q∞ . Here,
Ep,q2 =
ker
(
[∂1] : H
p+q−pNΓL(ΓL;Z2)→ H
p+1+q−(p+1)NΓL(ΓL;Z2)
)
im
(
[∂1] : H
p−1+q−(p−1)NΓL (ΓL;Z2)→ H
p+q−pNΓL(ΓL;Z2)
)⊗ΛpNΓL .
Putting p = 0 and NΓL = 4, we have
E0,q2 =
ker ([∂1] : H
q(ΓL;Z2)→ H
q−3(ΓL;Z2))
im ([∂1] : Hq+3(ΓL;Z2)→ Hq(ΓL;Z2))
.
By Theorem 13 (5), we obtain the following exact sequence for any
q ∈ Z:
Hq+3(ΓL;Z2)
[∂1]
−→ Hq(ΓL;Z2)
[∂1]
−→ Hq−3(ΓL;Z2).
Note that ΓL ⊂ C6 is orientable because NΓL is even (see [3]). Together
with Poincare´ duality and the universal coefficient theorem we have
H3(ΓL;Z2) ∼= H
0(ΓL;Z2)⊕H
6(ΓL;Z2) ∼= Z2 ⊕ Z2,
H1(ΓL;Z2) ∼= H
4(ΓL;Z2) ∼= H
2(ΓL;Z2) ∼= H
5(ΓL;Z2).
The assumption for H1(L;Z) means that it is the direct sum of some
copies of Z3. By the universal coefficient theorem, we obtain
H1(L;Z2) ∼= H1(L;Z)⊗ Z2 ⊕ Tor(H0(L;Z),Z2) ∼= 0,
H1(L;Z2) ∼= Hom(H1(L;Z),Z2)⊕ Ext(H0(L;Z),Z2) ∼= 0.
By Z2-Poincare´ duality, we have H4(L;Z2) ∼= H1(L;Z2) ∼= 0.
Now we use Z2-Gysin exact sequence for the fibration S1 → ΓL
π
→ L:
0→ H1(ΓL;Z2)→ H
0(L;Z2) ∼= Z2
∪χ
→ H2(L;Z2)→ H
2(ΓL;Z2)→ 0,
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where ∪χ denotes the cup product by the (classical) Z2-Euler class χ
of the fibration. From it we can deduces that H1(ΓL;Z2) is isomorphic
to either 0 or Z2. But the case H
1(ΓL;Z2) = 0 cannot occur. Indeed,
we have H1(ΓL;R) 6= 0 by Theorem 15 and it means that H1(ΓL;Z)
contains at least one Z-factor. Then the universal coefficient theorem
yields H1(ΓL;Z2) 6= 0. Therefore, H1(ΓL;Z2) must be isomorphic to
Z2. Then H4(ΓL;Z2) ∼= H2(ΓL;Z2) ∼= H5(ΓL;Z2) ∼= Z2, and hence
the above exact sequence implies that H2(L;Z2) ∼= Z2. Again from
Z2-Gysin exact sequence
0→ H3(L;Z2)→ Z2 ⊕ Z2 → H
2(L;Z2) ∼= Z2 → 0,
we have H3(L;Z2) ∼= Z2, which concludes the proof. 
In the above proof, we extracted informations about the cohomology
of L from the vanishing of HF (ΓL,ΓL). This strategy was introduced
by Biran in [6]. Now we present a new approach. If a Lagrangian
submanifold L itself satisfies that HF (L, L) = 0, then we can deduce
from it directly somewhat stronger restrictions on the cohomology of
L.
Proposition 18. Let L be a Lagrangian submanifold in CP n with
3H1(L;Z) = 0. Then 3 |n + 1 and NL = 2(n + 1)/3. Moreover, if
HF (L, L) = 0 holds, then the cohomology of L with coefficients in Z2
satisfies the following:
(1) H0(L;Z2) ∼= H
n+1
3 (L;Z2) ∼= H
2n−1
3 (L;Z2) ∼= Hn(L;Z2) ∼= Z2,
(2) Hq(L;Z2) ∼= 0 for q =
n+4
3
, n+7
3
, . . . , 2n−4
3
,
(3) Hq(L;Z2) ∼= H
q+ 2n−1
3 (L;Z2) for q = 1, 2, . . . ,
n−2
3
,
where item (2) holds when n ≥ 8, and the Euler characteristic χ(L) of
L is equal to zero.
Proof. The first part has already proved in Lemma 17. For the second
part, we use Oh-Biran’s spectral sequence. Assume thatHF (L, L) = 0.
Since ν = [(dimL+1)/NL] = [3/2] = 1, the spectral sequence {E0,qr , dr}
collapses at stage r = 2. Recall that
E0,q2 =
ker
(
[∂1] : H
q(L;Z2)→ Hq+1−NL(L;Z2)
)
im ([∂1] : Hq−1+NL(L;Z2)→ Hq(L;Z2))
.
Since ⊕q∈ZE
0,q
2
∼= HF (L, L) = 0 holds by the assumption and Theorem
13 (5), we obtain the following exact sequence
(4.5) Hq+
2n−1
3 (L;Z2)
[∂1]
−→ Hq(L;Z2)
[∂1]
−→ Hq−
2n−1
3 (L;Z2)
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for any q ∈ Z. From it we have the following isomorphisms
[∂1] : H
2n−1
3 (L;Z2)→ H
0(L;Z2) ∼= Z2,
[∂1] : H
n(L;Z2) ∼= Z2 → H
n+1
3 (L;Z2),
which yield item (1). Similarly, items (2) and (3) are easily obtained
from (4.5). For the last part, by item (2), we obtain
χ(L) =
n+1
3∑
q=0
(−1)q dimZ2 H
q(L;Z2)+
n+1
3∑
q=0
(−1)q+
2n−1
3 dimZ2 H
q+ 2n−1
3 (L;Z2).
Since (2n− 1)/3 is odd, χ(L) = 0 holds from items (1) and (3). 
To find examples of Lagrangian submanifolds of CP n satisfying that
HF (L, L) = 0, the following result and the next lemma are useful.
Theorem 19 (Biran-Khanevsky [8], Corollary 1.1.2). Suppose that Σ
appears as a symplectic hyperplane section in a symplectic manifold
M such that W := M \ Σ is subcritical. Let L ⊂ Σ be a monotone
Lagrangian submanifold with NL ≥ 3. Denote by N → Σ the normal
bundle of Σ in M . If HF (L, L) 6= 0, then the classical Z2-Euler class
e ∈ H2(L;Z2) of the restriction N|L is non-trivial.
In the case that Σ = CP n ⊂ M = CP n+1 we can apply Theorem 19,
because W ∼= Cn+1 is subcritical. Next, we give a criterion for e(N|L)
to be vanished.
Lemma 20. Let L ⊂ CP n be a Lagrangian submanifold. If n is even
and L is orientable, then e(N|L) = 0.
Proof. Let us consider Σ = CP n as a linear hyperplane ofM = CP n+1
as above. We take the standard complex structure J on CP n+1. Then
ωFS(·, J ·) defines the Fubini-Study metric on CP n+1. On CP n, we use
the induced metric from it. Then we have a decomposition
T (CP n)|L ⊕N|L ∼= T (CP
n+1)|L
as complex vector bundles on L. Denote by c1(E) the first Chern class
of a complex vector bundle E. Using the fact that c1(T (CP n+1)) =
(n+ 2)α, where α ∈ H2(CP n+1;Z) is a generator, we have
c1(T (CP
n)|L) + c1(N|L) = (n+ 2)α|L,
it yields
w2(TL⊕NL) + w2(N|L) = 0 (mod 2),
where w2 is the second Stiefel-Whitney class. Since L ⊂ CP n is La-
grangian, the tangent bundle TL of L is isomorphic to the normal
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bundle NL of L in CP n. Hence, we have
w2(TL⊕NL) = 2w2(TL) + w1(TL) ∪ w1(TL) = 0 (mod 2),
because L is orientable. Since the class w2 of a two-dimensional real
vector bundle equals the Z2-Euler class e, we obtain e(N|L) = 0. 
Proof of Theorem 6 (2). By Lemma 17, L is monotone and NL = 6,
and so L is orientable. Hence, the above lemma yields e(N|L) = 0.
From Theorem 19 we have HF (L, L) = 0, and by Proposition 18 we
obtain
H0(L;Z2) ∼= H
3(L;Z2) ∼= H
5(L;Z2) ∼= H
8(L;Z2) ∼= Z2,
H4(L;Z2) ∼= 0, H
1(L;Z2) ∼= H
6(L;Z2), H
2(L;Z2) ∼= H
7(L;Z2).
Since H1(L;Z) is 3-torsion, the universal coefficient theorem yields
H1(L;Z2) ∼= 0 and H1(L;Z2) ∼= 0. Hence we have H6(L;Z2) ∼=
H1(L;Z2) ∼= 0, and H2(L;Z2) ∼= H7(L;Z2) ∼= H1(L;Z2) ∼= 0. There-
fore,
Hq(L;Z2) =
{
Z2 (q = 0, 3, 5, 8)
0 (otherwise).
It is actually isomorphic to H∗(SU(3)/Z3;Z2) as graded vector spaces.
Next we consider the product structure on H∗(L;Z2). Denote by
1, x3, x5 and x8 the generator of H
q(L;Z2) for q = 0, 3, 5 and 8, respec-
tively. We first claim that x3 ⋆ x5 = x8. Observe that
[∂1](x8) = x3, [∂1](x5) = 1, [∂1](x3) = 0 ∈ H
∗(L;Z2).
By Leibniz rule, we have
[∂1](x3 ⋆ x5) = [∂1](x3) · x5 + x3 · [∂1](x5) = x3 · 1 = x3 = [∂1](x8).
Since [∂1] : H
8(L;Z2)→ H3(L;Z2) is an isomorphism (see Proposition
18), we obtain x3 ⋆ x5 = x8. Similarly, we have
[∂1](x3 ⋆ x3) = 0, [∂1](x5 ⋆ x5) = 2x5 = 0,
which yield that x3 ⋆ x3 = 0 and x5 ⋆ x5 = 0. Thus we complete the
proof of (2) in Theorem 6, because on V1 = H
∗(L;Z2) the induced
product from ⋆ coincides with the cup product on H∗(L;Z2). 
Proof of Theorem 6 (3). The proof is the same as that of (2) above.
By Lemma 17, L is monotone and NL = 18, and hence L is orientable.
Lemma 20 yields e(N|L) = 0, and hence we obtain HF (L, L) = 0 from
Theorem 19. Using the assumption that H i(L;Z2) = 0 (i = 2, 3, 4), as
in the proof of (2) above, we obtain
H0(L;Z2) ∼= H
9(L;Z2) ∼= H
17(L;Z2) ∼= H
26(L;Z2) ∼= Z2,
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and for the other q we have
Hq(L;Z2) ∼= 0
except for q = 5, 6, 7, 22, 23, 24.
Since dimZ2 H
26−q(L;Z2) = dimZ2 H
q(L;Z2) = 0 for q = 2, 3, 4, we
obtain
Hq(L;Z2) ∼= H
q+17(L;Z2) ∼= 0
for q = 5, 6, 7. Therefore,
Hq(L;Z2) =
{
Z2 (q = 0, 9, 17, 26)
0 (otherwise).
The proof of the isomorphism as algebras is completely same as that
of (2) above, so we omit it. 
Finally, we shall prove that χ(L) = 0 for a Lagrangian submanifold
L ⊂ CP n with 3H1(L;Z) = 0. It suffices to consider the case where
n is even. Since L is orientable, monotone and NL ≥ 6, by Lemma
20, we have e(N|L) = 0, and hence HF (L, L) = 0 by Theorem 19.
Therefore, Proposition 18 yields χ(L) = 0. Thus we complete the
proof of Theorem 6.
5. Floer cohomology of a model Lagrangian submanifold
In this section, we shall calculate the Floer cohomology of model
Lagrangian submanifolds with coefficients in Z2, especially the example
SU(p)/Zp ⊂ CP p
2−1.
Combining Theorem 19 with Lemma 20 in the previous section, we
obtain the following vanishing result of the Floer cohomology for ori-
entable monotone Lagrangian submanifolds in CP 2n.
Proposition 21. Let L ⊂ CP n be an orientable monotone Lagrangian
submanifold with NL ≥ 3. If n is even, then the Floer cohomology
HF (L, L) with coefficients in Z2 vanishes.
Notice that the assumption that L is orientable and the dimension
n is even is necessary. The real projective space RP n ⊂ CP n well
illustrates it. Indeed, in this case HF (RP n,RP n) 6= 0 and RP n is
orientable if and only if n is odd. We apply this proposition to the list
in Proposition 1.
Corollary 22. Let L be one of the following Lagrangian submanifolds:
(1) L = SU(p)/Zp ⊂ CP p
2−1, where p (≥ 3) is an odd number,
(2) L = SU(p)/(SO(p)Zp) ⊂ CP p(p+1)/2−1, where p is prime and
4 ∤ p+ 1,
(3) L = E6/(F4Z3) ⊂ CP
26.
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Then the Floer cohomology HF (L, L) with Z2-coefficients vanishes.
Proof. (1) By the assumption, n = p2 − 1 is even. The Lagrangian
submanifold L = SU(p)/Zp ⊂ CP n is monotone and orientable. More-
over, we have NL ≥ 2p from (2.4). Hence, by Proposition 21, we obtain
HF (L, L) = 0.
(2) Since p is prime, we have NL = p + 1, and hence the monotone
Lagrangian submanifold L = SU(p)/(SO(p)Zp) ⊂ CP n is orientable.
The additional assumption that 4 ∤ p+1 implies that n+1 = p(p+1)/2
is odd, that is, n is even. Thus, we haveHF (L, L) = 0 from Proposition
21.
(3) Since L is monotone with NL = 18 and orientable, and the
dimension of L is even, we obtain HF (L, L) = 0. 
Here let us review the following useful terminologies introduced by
Biran and Cornea [7, Definition 1.2.1].
Definition 23. A Lagrangian submanifold L ⊂ (M,ω) is said to be
narrow if HF (L, L) = 0, and wide if there exists an isomorphism
HF (L, L) ∼= H∗(L;Z2) ⊗ Λ (in general not canonical), where Λ =
Z2[T, T
−1].
Note that all known monotone Lagrangian submanifolds are either
narrow or wide. Corollary 22 says that SU(p)/Zp ⊂ CP
p2−1 is narrow
if p is an odd number greater than or equal to three. Now we are going
to study the case where p is even. To pursue it, the following theorem
is essential.
Theorem 24 (Biran-Cornea [7], Theorem 1.2.2). Let Ln ⊂ (M2n, ω)
be a monotone Lagrangian submanifold. Assume that its singular co-
homology H∗(L;Z2) is generated as a ring with the cup product by
H≤l(L;Z2).
(1) If NL > l, then L is either wide or narrow. Moreover, if NL >
l + 1, then L is wide.
(2) In case L is narrow, then L is uniruled of order k with k =
max{l+1, n+1−NL} if NL < l+1, and k = l+1 if NL = l+1.
We shall apply it to the monotone Lagrangian submanifold L :=
SU(p)/Zp ⊂ CP p
2−1, where p is even. The cohomology ring of L
with Z2-coefficients was calculated by Baum and Browder [5]. For
p = 2rn′ (2 ∤ n′), we have
H∗ (L;Z2) ∼= ∧2(x1, x3, . . . , x̂2·2r−1, . . . , x2p−1)⊗ Z2[y]/(y
2r),(5.6)
where ̂ denotes omission, deg y = 2, and with the additional relation
that y = x21 if r = 1 (see [5, Corollary 4.2]).
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If p = 2r for a natural number r, then by (5.6) the singular coho-
mology of L is generated as a ring by H≤l(L;Z2), where l = 2p − 3.
Hence, we have
NL ≥ 2p > l + 1,
which implies that L is wide from Theorem 24 (1).
If p is even and not a power of 2, then (5.6) implies that H∗(L;Z2)
is generated as a ring by H≤l(L;Z2), where l = 2p− 1. Therefore,
NL ≥ 2p > l = 2p− 1
holds, and hence L is either wide or narrow from Theorem 24 (1).
Including the case where p is odd, we have proved the following
Theorem 25. The Floer cohomology of the monotone Lagrangian sub-
manifold L = SU(p)/Zp ⊂ CP p
2−1 with coefficients in Z2 is given as
follows:
(1) If p is odd, then HF (L, L) = 0.
(2) If p is a power of 2, then HF (L, L) ∼= H∗(L;Z2)⊗ Λ.
(3) If p is even and not a power of 2, then HF (L, L) is isomorphic
to either H∗(L;Z2)⊗ Λ or 0.
In particular, we obtain
Corollary 26. Let p be a power of 2. Then L = SU(p)/Zp ⊂ CP p
2−1
is non-displaceable. Moreover, for any φ ∈ Ham(CP p
2−1, ωFS) such
that L and φL intersect transversally, we have
#(L ∩ φL) ≥ p · 2p−1.
On the other hand, in the case where p is odd, the vanishing of
the Floer cohomology of L with Z2-coefficients provides no information
about its non-displaceability. However, at least in the case where p = 3,
we can show the following
Proposition 27. The Floer cohomology of the monotone Lagrangian
submanifold SU(3)/Z3 ⊂ CP 8 with coefficients in Z is nonvanishing.
In particular, it is non-displaceable in CP 8.
Proof. Denote by L the monotone Lagrangian submanifold SU(3)/Z3
of CP 8. Then NL = 6 and L is orientable. Notice that the cohomology
ring of SU(pr)/Zpr (r ∈ N) with Zp-coefficients, where p is an odd
prime, was calculated by A. Borel. By [9, p. 309], we have
H∗
(
SU(3)
Z3
;Z3
)
∼= ∧(x1, x3)⊗ Z3[y]/(y
3),
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where deg x1 = 1, deg x3 = 3 and deg y = 2. This implies that x1 ∧ x3
and y2 generates H4(L;Z3), and hence
H4(L;Z3) ∼= Z3 ⊕ Z3.(5.7)
On the other hand, since L is spin, the Floer cohomology is well-
defined with Z-coefficients [17] and Oh-Biran’s spectral sequence works
with Z-coefficients (see [14]).
Assume: HF (L, L;Z) = 0.
Since ν = [(dimL+1)/NL] = 1 for L, the spectral sequence {Ep,qr , dr}
collapses at stage r = 2, hence Ep,q2 = · · · = E
p,q
∞ . Recall that
E0,q2 =
ker
(
[∂1] : H
q(L;Z)→ Hq+1−NL(L;Z)
)
im ([∂1] : Hq−1+NL(L;Z)→ Hq(L;Z))
.
Since for every p ∈ Z, ⊕q∈ZE
p,q
2
∼= HF (L, L;Z) = 0 holds, we obtain
the following exact sequences for q ∈ Z:
Hq+5(L;Z)
[∂1]
−→ Hq(L;Z)
[∂1]
−→ Hq−5(L;Z),
which yield that
H4(L;Z) ∼= 0, H5(L;Z) ∼= H0(L;Z) ∼= Z.
Here we consider the cohomology of L with coefficients in Z3. By the
universal coefficient theorem, we have
H4(L;Z3) ∼= H
4(L;Z)⊗ Z3 ⊕ Tor(H
5(L;Z),Z3) ∼= 0,
which contradicts to (5.7). Therefore, we have HF (L, L;Z) 6= 0, and
L is non-displaceable in CP 8. 
Thus we complete proofs of all the results in Section 1.2. From the
results in this section, the following natural question arises:
Question. Is the monotone Lagrangian submanifold SU(p)/Zp of
CP p
2−1 non-displaceable for any p ≥ 2? More generally, are all La-
grangian submanifolds of CP n in Proposition 1 non-displaceable?
6. Uniruling of model Lagrangian submanifolds
In this section, as a further application, we prove the existence of
pseudo-holomorphic disc with its boundary on a model Lagrangian
submanifold L. The result (Corollary 11) is an immediate consequence
of Theorem 24 and Corollary 22 in the previous section.
Proof of Corollary 11. Let L be the monotone Lagrangian sub-
manifold SU(p)/Zp ⊂ CP p
2−1, where p is an odd prime. Then we have
NL = 2p. By Corollary 22, we know that SU(p)/Zp is narrow. Fur-
thermore, the singular cohomology H∗(L;Z2) is generated as a ring by
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H≤2p−1(L;Z2) from (2.2). Therefore, Theorem 24 (2) yields that L is
uniruled of order NL = 2p.
Remark 28. The same argument as the above is also applicable to
the following two cases:
• L ⊂ CP 8 which satisfies the assumption of Theorem 6,
• L ⊂ CP 26 which satisfies the assumption of Theorem 6 and
H i(L;Z2) ∼= 0 (i = 2, 3, 4).
Both L are uniruling of order NL.
7. Concluding remarks
Finally, we notice that results about homological rigidity as in The-
orem 3 and Theorem 6 are useful in understanding the geography of
monotone Lagrangian submanifolds of CP n for small n.
As we pointed out in Remark 5, a monotone Lagrangian submani-
fold L in CP n with NL = n+1 must be Z2-homological RP
n. It seems
that a Lagrangian submanifold L with relatively large NL tends to be
Z2-homologically rigid. Consider a Lagrangian submanifold L ⊂ CP 8.
The assumption 3H1(L;Z) = 0 implies that L ⊂ CP 8 is monotone and
NL = 6. Unfortunately, the argument in Theorem 6 (2) does not imply
that a monotone Lagrangian submanifold L ⊂ CP 8 with NL = 6 satis-
fies that H∗(L;Z2) ∼= H∗ (SU(3)/Z3;Z2), because the proof essentially
uses the assumption 3H1(L;Z) = 0 to deduce that H1(L;Z2) = 0.
To overcome this difficulty Damian’s lifted Floer homology theory [14]
may be useful.
In contrast to that, for the case NL = 2, at least CP 3 admits La-
grangian submanifolds with distinct Z2-homological types, T 3clif and
SO(3)/D3. In [12], Chiang constructed a Lagrangian submanifold
SO(3)/D3 in CP
3, where D3 is the dihedral group. Its minimal Maslov
number is calculated as follows.
Lemma 29. The Lagrangian submanifold L := SO(3)/D3 ⊂ CP 3 is
monotone and NL = 2.
Proof. Since the integral homology groups of L are
H0(L;Z) ∼= Z, H1(L;Z) ∼= Z4, H2(L;Z) ∼= 0, H3(L;Z) ∼= Z
(see [12, Section 3]), L is orientable, and so is spin because dimR L = 3.
Moreover, L is monotone from a similar way to Lemma 17. Hence, NL
is even, and we have nLNL = 8 by (2.3). Combining NL ≤ 4, we obtain
NL = 2 or 4. If NL = 4, then we have π1(L) ∼= Z2 from Theorem 4 and
Remark 5. It is impossible, so NL = 2 holds. 
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Remark 30. Damian proved that a monotone oriented Lagrangian
submanifold L of CP n which is aspherical satisfies NL = 2 (see [14,
Theorem 1.6]). However, since SO(3)/D3 is spherical, the above lemma
shows that the converse of the Damian’s result does not hold.
We also note that Biran and Cornea [7, Section 6.4] gave a method
to construct Lagrangian submanifolds in CP n with NL = 2.
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